A collocation scheme based on the use of the multiquadric quasi-interpolation operator 2 W L , integrated radial basis function networks (IRBFNs) method and three order finite difference method is applied to the nonlinear Klein-Gordon equation. In the present scheme, the three order finite difference method is used to discretize the temporal derivative and the integrated form of the multiquadric quasi-interpolation scheme is used to approximate the unknown function and its spatial derivatives. Several numerical experiments are provided to show the efficiency and the accuracy of the given method.
Introduction
The Klein-Gordon equation is a relativistic version of the Schrodinger equation, which describes scalar spineless particles. It appears in various physical applications such as the propagation of fluxions in the Josephson junctions, the motion of rigid pendula attached a stretched wire, and dislocations in crystals [21] .
In this paper, we consider the one-dimensional nonlinear Klein-Gordon equation of the form: Up to now, many authors have studied the numerical and approximation solutions of the nonlinear Klein-Gordon equation by using various techniques that some of them are the finite difference method, the spectral method, the adomian decomposition method, the inverse scattering method, Bäcklund transformation, the auxiliary equation method, the Wadatitrace method, Hirota bilinear forms, pseudospectral method, the tanh-sech method, the sine-cosine method, Jacobi elliptic functions and the Riccati equation expansion method and so on (see [10, 15, 25, 26, 30, 31] and references therein).
Finite difference methods are known as the first technique for solving PDEs. Even though these methods have been widely used but they require the construction and update of a mesh and hence bring inconvenience during computation.
In 1990, Kansa [13, 14] modified Hardy's multiquadric (MQ) RBF method to solve PDEs. Since then, using of the RBFs collocation method for solving of PDEs have attracted the attention of researchers because no tedious mesh generation is required. Recently, the Kansa's method has been developed to simulate nonlinear PDEs [2] such as Burger's equation [11] , sine-Gordon equation [6] , Klein-Gordon equation [7] , and Korteweg-de Vries (KdV) equation [5] etc. In all these works, the solution function is decomposed into RBFs and its derivatives are then obtained through differentiation that caused the reduction in convergence rate. In order to avoid from this problem, Mai-Duy and Tran-Cong introduced an integrated MQ-RBFNs scheme for the approximation of function and its derivatives [20] . Numerical experiments and theoretical analysis indicate that for solving PDEs integrated RBF (IRBF) procedure is more accurate in comparison with direct RBF (DRBF) procedure. Also, IRBF scheme is more stable than DRBF for a range of PDEs [20, 27] .
In both DRBF and IRBF schemes, one must resolve a linear system of equations at each time step. Hon and Wu [12] , Wu [8, 9] and others have provided some successful examples using MQ quasiinterpolation scheme for solving differential equations. Beatson and Powell [1] and Wu and Schaback [29] proposed other univariate MQ quasi-interpolations. In [3, 4] , Chen and Wu used MQ quasiinterpolation to solve Burgers' equation and hyperbolic conservation laws. Also, Xiao et al. [25] presented the numerical method based on Chen and Wu's method for solving the third-order KdV equation. Recently, Jiang et al. [16] have introduced a new multi-level univariate MQ quasi-interpolation approach with high approximation order compared with initial MQ quasi-interpolation scheme. This approach is based on inverse multiquadric (IMQ) RBF interpolation, and Wu and Schaback's MQ quasi-interpolation operator D L that have the advantages of high approximation order.
L is summation of two series that the second series coefficients are combined of first series coefficients. By giving relation between two series coefficients based on function values, we can convert it to a compact form that is based on one series and can use it in integrated form for the numerical solution of PDEs. This paper presents a novel numerical scheme to solve the nonlinear Klein-Gordon equation that is based on integrated MQ quasi-interpolation scheme. The rest of present paper is arranged as follows. Brief information of the MQ quasi-interpolation scheme is given in Section 2. Section 3 describes our method on the nonlinear Klein-Gordon equation. Several numerical experiments are presented in Section 4, followed by a conclusion summary in Section 5. 
The MQ quasi-interpolation scheme
where 10 0 10
In RBFs interpolation, high approximation order can be gotten by increasing the number of interpolation centers but we have to solve unstable linear system of equations. By using MQ quasiinterpolation scheme, we can avoid this problem, whereas the approximation order is not good. Therefore, Jiang et al. [16] defined two MQ quasi-interpolation operators denoted as 
Since, the Eq. (7) is solvable [19] , so 1 .,
By using
f and the coefficient  defined in Eq. (8), a function () ex is constructed in the form x e x with the shape parameter c is defined as follows:
The shape parameters c and s should not be the same constants in the Eq. (10).
In Eq. (7),
f  can be replaced by
the quasi-interpolation operator defined by Eqs. (9) and (10) 
where the basis functions () i x  are obtained by substituting Equations (8), (9) and (11) into (10), see [23] . 
The numerical method
In this section, the numerical scheme is presented for solving the Klein-Gordon equation (1) by using the MQ quasi-interpolation 2 W L . In our approach, the fourth order finite difference approximation is first employed for discretizing of the temporal derivative similar to work that Rashidinia did in [22] . Then, the highest order derivatives (second order in this paper) of the solution function are approximated by Eq. (12), and their lower order derivatives and the solution function are then obtained by symbolic integration. At the end, the collocation scheme is applied.
The discretization of time
According of the fourth order finite difference, the term ( , ) 
where ( , )
In this paper, we consider the nonlinear force ()
 and  are known constants. After some arrangements, Eq. (14) can be written in the following form:
where
The indirect MQ quasi-interpolation scheme
In this scheme, the highest order derivatives (second order in this paper) of the solution function, 
The Eqs. (16)- (18) can be rewritten in the compact form as follows:
Now, substituting Eq. (19) into Eqs. (15) and (3) and applying collocation method yield the following equations: 
At 1 n  , according to the initial conditions that was introduced in (2) and approach that Rashidinia did in [30] on based Taylor series, we apply the following assumptions 
The numerical experiments
Four experiments are studied to investigate the robustness and the accuracy of the proposed method. The numerical results of the Klein-Gordon equation by using this scheme is compared with the analytical solutions and solutions in [7, 22] . These methods include Thin Plate Splines (TPS) RBF collocation method [7] and cubic B-spline collocation method (CBS) [22] . Our scheme is denoted by IMQQI. The 2 L ,L  and RMS error norms which are defined by
are used to measure the accuracy of our scheme where u  is the approximation solution. In all experiments, the shape parameter s is considered twice of the shape parameterc .
The computations associated with our experiments are performed in Maple 14 on a PC with a CPU of 2.4 GHZ.
Experiment 1.
In this experiment, the Klein-Gordon equation (1) 
t u x x 
The exact solution is given in [28] as ( , ) cos( ). Table 1 and compared with the results in [7, 22] .
The space-time graphs of the estimated solution are drawn in Fig. 1 . Table 1 indicates that the proposed method requires more less nodes to attain the accuracy of the CBSM [22] and TPSM [7] . Also, it shows that this scheme performs better than TPSM. [7, 22] . Moreover, the space-time graph of the estimated solution is drawn in Fig. 2 . Table 2 indicates that the proposed method requires more less nodes to attain the accuracy of the TPSM [7] and has better accuracy than TPSM [7] . Tables 3 and 4 indicate that the proposed method requires more less nodes to attain the accuracy of the CBSM [22] and TPSM [7] . 
( ). u x t x x t 
The boundary function   , g x t can be extracted from the exact solution. Table 5 shows the 2 L , L  and RMS error norms in the solutions with 0.0001 t  . We compare our results with the results in [7, 22] . Also, the space-time graph of the estimated solution is drawn in Fig. 4 . Table 5 shows that our scheme has better accuracy than CBSM [22] and TPSM [7] .
Conclusion
In this paper, a numerical scheme based on high accuracy MQ quasi-interpolation scheme and IRBFN method has been applied to solve the nonlinear Klein-Gordon equation with quadratic and cubic nonlinearity. The numerical results which are given in the previous section demonstrate the good accuracy of the present scheme. Also, the Tables show that this scheme performs better than TPS method and requires more less nodes to attain accuracy. Moreover, we have used bigger time step t  , in comparison with [13] . Therewith, we would like to emphasize that, the scheme introduced in this paper can be well studied for any other nonlinear PDEs.
